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Eigenvalue Analysis of an Elastostatic Sector Problem

Ablslracl

Equations are derived for the stresses io a sectot subjected to a prescribed loadiog on its
ciicumferential edge. The radial edges are tractionless. Ar Aiiy stress iunction which satisfies both
the govetding differential equation and the boundary conditions is derived in terms of an inJinite
series of bihatmonic (Fadle) eigenfunctioos. Numerical results are presented for the 60" sector,
but the method of solution is not restricted to the 60' sector and the specilic circumferential loading
discussed hereinl the solurion is applicable to an arbitrary loading on the circumfelential edge
of a sector of any angle. Eigenvalues fot the 30', 41", 60",75',90", and 120' sectors are
presented, and the eigenva.lue entracrion method is discussed in detail in Appendix lI.

lntroduction

Other investigators have discussed eigenvalue extlaction methods ro obmin the roots of
the charactefistic equation (Eq.7) discussed herein. In an early paper, Brahtz (1)
discussed an eigenvalue solution in conjunction with his investigation of the stresses
at the base of a gravity dam. The approximate eigenvalues he generated are given
by Eqs. 10 of this paper. Horvay and Hanson (2) used a variational merhod to obsin
approximate eigenvalues. More recently, Little and Thompson (3) used a Newton-
Raphson iteration technique in rhe complex plane to determine the roots of Eqs. 7 of
this paper. They used asymprotic expressions for the roots which were then used to
obtaiq an initial guess for each eigenvalue.

In the analysis of the specific problem discussed herein, the author aftemlned to
utilize the approximate eigenvalues determined by the above-mentioned authors but
was unable to sadsfy the boundary conditions orr the radial edges of the secro! when
those aplxoximate values were used. After the apploximate roots (Eqs. 10) given by
Brahtz were refined by the iterative method discussed in Appendix II and then used
in the analysis, the author q/as able to satisfy the boundary conditions on the ladial
edges of the sector ro six decimal places. The boundary conditioos on these edges are
quite sensitive to the accuracy of the eigenvalues. Approximate eigenvalues result in
a large error in the boundary conditions on the radial edges; precisely determined roc,ts
aJ:e crucial to rhe analysis of the problem.

There are two requisites in the stress function method of analysis of a plane elastc
static problem: the Airy function, 9, must satisfy the governing equarioo, vaf :0,
and the boundary conditions of rhe problem must be satisfied. The Airy function
derived in this exercise meets both lequirements.

Formulation ol the Problem

The sector of Figure t has tractionless radial edges and the following loading on the
circumferential boundary :
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These boundary loads can be shown to tepresent a system in equilibrium since they
can be obtained from the Airy stress function

P f as"l
n , = _ ; [ _ r  

l _ _ _ _ _ * _ _ 2 . )
Since pr does not satisfy the governing equarioo, v ap1:0, it cannot be used to deter-
mine the stless€s at an interior point of the sector. The ptoblem, therefore, is to
determine a biharmonic function which furnishes the self-equilibrating loads (Eq. 1)
on the circumferential edge and zero shear and tangential stresses on the radial boundaries.

FIGURE I "  COORDINATE SYSTEM

Solution

Assume an Airy function, 92, represenred as

9 2 = t n + r  s ( a )  - - - - - - - - -  3 . )

in vihich n is a constant. Substirution of pz into the governing differential equation,
eagz - 0, yields

dag(o) d2g(s)
_ + 2 ( r r + 1 )  _ +  ( 0 2 _ 1 ) 2  s ( 9 )  : 0  _  _  _  _  4 . )

d84 d$2

which has the solution

g(A)  =A1cos(n+1)8+B1s in(n+1)0  +  Crcos(n-1)d+Dls in (n-1)0  -  -  5 . )
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in which Ar, Br, Cr, and Dr ale constants.
On the ractionless radial edges of rhe Plate, the,boundarY conditions are

[ u1u==r , r -o  I

I u ] u = = " , , = o  (  
- - -  - - - -  6 a ' \

l - l l
sirr.. o*,= 3ts' "rd ',"^=-+l 

I at'*l 
, tte pr"."ding boundary conditions become
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o '  ' '  
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r  r , o r l  u  =_ r t ,  
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Two equations result when g(t9) from Eq. 5 is substituted into Eqs. 6b:

^l ^r
A1 cos(n+ 1) -  +  Cr  cos(n- l ) -=0

2 2
I

A1(n+ l )  s in ( r+1) -  +  Cr (n- l )  s in (n- l ) -=0

To ensure rhat Ar and Cr both do no't equal zero, the determinant oI the coelficients
of Ar and C1 in the preceding equatio'ns must vanish; therefore,

"t
cos(n+1) -

2
'l

( r + 1 )  s i n ( n + 1 ) -
2

"t
c o 6 ( n - I ) -

2

'Y
(n-1) sin (n-1) -

2

rhe preceding determinant *-"" 

::.;t: :ff"': :t:'l_ _ _ _ _ 1. )

Iu the interval 0'< y < 180", the only real roots of Eq. 7 occur q/hen 7-180" and
are equal to n:1.00, 2.00, 1.00, ' . The roots for all other 7 in this range a.re

complex and can be represented as

n : a "  * i b "  * - - 8 . )

Substitution of Eq. 8 into Eq. 7 yields two equations, one from the imagirury terms
and the other from the real terms. The equations are

srna.} coshb.y = 1a" sin'v i
i - - - - - - - 9 . )

cosa.y sinhb.y = l:b. siny !

Eigenvalues (a, and b") for the symmerric problem are associated with the negative

Eigenvalue Analysis 203



sign on the right side of Eq. 9; the posirive sign is for the case of an antisymmeric
problem.

Brahtz developed the following equations for determining approximate eigenvalues:

t - ( 2k+  1 )  -  r k

'/2

r" = 1og" 
{ ;lttlL-l ",",1

l r i (2k+r)  s iny I
4 tos. l-l

L y - . !

10. )

in which

and

k : 7 , 2 ,  1 ,

Maoipulation of Eq. P yields

io which

-  -  -  -  -  r r . )

By the iterative technique employed in the solution of Eqs. 11, the approximate values,
a1, rounded off to the nearest tenth's decimal place, are substituted inro Eq. 11 for an.
The tenth's decimal place of a" is varied from 0 to !, and each value of a, generates a
corresponding value of b" by Eq. 11. That pair of a" and bn which best satisfies Eq. 11
is selected; a" is substituted back into Eq. 11, and the procedure is tepeated by varying
the hundredth's decimal place of the previously refined value of a.. Each successive
iteration refioes an and b" ro qne more decimal place. The iterative procedug in its
entirety, is presented in Appendix II.

Since each sectorial angle, l, has an infinite number of n,s satisfying Eq. 7, the
Ar'ry funccion. vz, of Eq. ) can be wrjnen as

Kn rn+1

.o. ",1 l- 1w
b. siny = - 1a."2 skar - sin2 ̂,,'tl 

-
srr a""y | |

[ -  
r r  t ;1.* ,"* t l  o-  - .1"ar;1.e,  1, ' - r ; {

-c1
K , =

cos ( n-; r; J-
2

By the theory of elasticiry, the known expressions for stress in terms of an Airy func-
t10n afe

t fxp21 |  f  a2pdo , .  = - t - t + _  |  _ l
'  

t L a  t J  P L A B 2 J
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Since Eq. 12 is complex, differendation of qz in accordance with the preceding equa-
tions yields both real and imaginary components for the stresses. Only the real com-
ponents ale used, and they are

c o  . F  I  \
R 3 " , r - t l i r  p " " - '  

[ ( r , , ( M ' * 1 " - N ' + 2 " ,  
- K 2 ^ ( N ' v r . +  M ' v r ^ ] l  

I
c o  T  l (

R | 'Or=-  
n1ro" " - t  [ . . , * ' "1 " -N ' I2^ )  

-K2, (N ' I ' .  +  M ' r r , ] .1  
i  

- - - * -13 . )

o  . r  I  I
*3"ar :  

" . t ,  
en .  t  

[< r .  
(  M 'x r "  -  N ' ,x2"  r  -K2" {N 'x r rv ,x r l  

/

Eqs. 13 determioe the stresses at any point in the sector. The unknowns in the preceding
equations are Kr" and K:,i the remaining quantities are all functions of a. and
b" and are known as biharmonic eigenfunctions, Io Eqs. 13, the following expressions
are  used:  p : r /R . ;  M-cos(b ln  p ) ;  N ' -s in (b ln  p ) ;  and

*1 , ,=  TA" -UB"  +PH-QF"
Y" = -9_4. -I_B_.r l QEr : P!:.
I.1" - -vc" -f \vH , + RJ, - sL,.

in which

and

F.* = b,+2a^b.
G . - : a F - b i - 3 a ,

H"* :2a ,b " -3b "
|  +  - ^Z  rZ  ^
L"* = 2a"b. - b"

The unknowos Krn and Kzn in Eqs. 13 can be determined from the following
boundary conditions on the circum{erential edge of the plate:

l d .  |  : o .  I
I 'l .=n I
:  - -  \  - - - - - - - - u z '
["+-] -:r'J I
L  : l '=^  )

By Eqs. 1 and 13, the preceding boundary conditions become

1282
(K1.V1" - K2'V2") :  I  --

12. =-VH"-!0'G, + RI" + SJ'
x1,' :-TA' + UB" -PC. + QD"
Xr .=TB"+UA. -PD"-Qq

F" = H"*T1*G"*U1
R : sin(a'- l )A cosh b"r9
S : cos (a" - 1)$ sinh b"0
V = sin(a'* l)r9 cosh b'd
w :€os (a^+ l )o  s i nh  b "d

A, = I"*Q1- E"*P1

C" = E"*Tr*F"*Ur

E^ : G""Tr*H"*Ur

:

f ,  (Kr"

f2

403
I1 , . -K2 " f2 " )=A* - - ;

_ _ _ _ _ _ 1 4 h 1
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Krn and Kz. were determined by the method of collocations. Five collocation points
require five pairs of eigenvaiues, and the expansion of Eqs. 14b with five pairs of
eigenvalues yields ten equations in terms of teo unknowo constants: Krr, Krz, Kre,
Kl, Kri, Kzr, Ka4 Kzs, KzE, and K:;. A numerical solution was generated for the 60o
sector rrtilizing the eigenvalues of Table 1.

TABLE 1. Eigenvalues fot the €quatiotrs
sina.ycoshb"T = -a,,sin7,
cosa"lsinhb^y = -b"sin1.

8.06296510 20.46721420 12.612.12710 44.69125580 56.74125140
b1

4.202a6721 5.83660141 6.6931036r 7.28111417 7.12996717

5.)9012940 13.65142760 21.74607660 29.7913r160 47.82998910

2.72040954 3.81446502 4.38612240 4.77 858034 5.01802615

"Y = 60'
4.05932900 10.24572693 16.31416346 22.35118111 28.)1518334

b l

r.95204969 2.71796301 3.20118899 3.50249186 1.727 07165

3.26101250 8.20425240 11.0562.1122 17.8A415030 22.70101473

1.46666459 2.13331291 2.47825705 2.1143r532 2.8942)319

2.7)959330 6.84511506 10.88t55219 14.90789058 r8.9223rr71
b 1

1.11902419 1.68163464 1.9j019946 2.16733261 2.317 46456

2.09413908 5.15173009 8.11576424 1r.r8950207 14.19854503

0.60458498 r.049)3008 1.26896453 1.41792756 l. '10t086

t UtU , 
l:ii*;:,$one 

rcircumferential bouodary of the 60. sector (started values indicate

0"

*  10"
*  1 t .
* 20.

10'

0.000000
0.084884
0.1551.40
0.196149
0.193925
0.r14324
0.000000

0.000000
0.084838
0.115150
o.196114
0.19)937
0.131124
0.000001

1.000000
0.916668
0.666666
0.250002

-0.1a3334
-1.083330
-2.000020

1.013840
0.916659
0.66667 4
0.250001

-0.)33344
-1.0833r7
-2.05507 8
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The Airy function, P2, was delived to reproduce the given tractions on the circum-
ferential bourrdary. The values in Table 2 indicate that 92 leploduced the stresses aloirg
this edge of the sector within four decimal places of their true values. Table 3 indicates
how well the stresses are reproduced between points of collocation. Using a truncated
series with five pirs of eigenvalues (alternate pairs beginning with ar and br) and
the equations for o.2 and rro2of Eqs. 13 in Eqs. 6a, the boundary conditions on the radial
edges are satisfied to six decimal places.

Conclusions

A method for determining the Airy stress function for a sector with tractionless radial
edges and a self-equilibrating loading on the circumfereotial boundary is presented as
a series of biharmonic eigenfunctions. Since the Airy stress function satisfies both the
governiog elasticity equation (vag-0) and the boundary conditions oo the radial
edges of the seclor, the method of solution is applicable to a sector of any angle with
an arbiuary, self -equilibrating load on the circumferential boundary. The eigenvalues

TABLE 3. Stresses at points of noocollocation along the circumfereotial boundary of the 60' settor.

dt. 7"8 r'$2

1 '
8"

1 3 .
18 '
23"

0.0514
0.1307
0.1834
0.2022
0.1659

0.9700
0.7866
0.4166

-0.0800
-0.7633

0.9750
0.7850
0.437 0

-0.0816
-0.7 631

0.0518
0.1297
0.1842
0.2010
0.1654

Appendix l-Notation

a,, : eigenvalue representing the real part o{ o;
b, : eigenvalue replesenring the imagioary part of n;
r  -  rmaSrnafy un[ l
n -  a"  I  ib" .  root  of  characrer isr ic  equat ion;
R" = radius of sector;
.  -  . " , t ;  ,  r  .^^. t ; . " . -

7 : sector angle;
' 9  -  . h - . 1 " .  r ^ ^ . . 1 i ^ " r p .

p : r/Ro, dimensionless radial coordinate;
od = tangentlal strcss;
d, : ladlal stless:
tr,q : sheat strcss;
9, 

- 
= Airy stress function.

in Table 1 apply to any symmetric sector problem involving tractionless radial edges.
The iterative technique discussed in Appendix II can be used to determine the roots
of Eqs. 9 for a sector of any ang)e,7,

Appendix ll-Eigenvalue Determination

The following FORTRAN proglam gerierates 12 pairs of eigenvalues, a^ and b", for

1:90'. Eigenvalues for other sectors ale determined by making the appropriate
changes in the arguments of the trigonometric functions appearing in the program.
Twelve approximate values of ak from Eqs. 10, all rounded off to the nearest tenth's
decimal place, are entered into the program und* A(I). To obtain all of the eigen-
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values, a second run of the program usually is necessary. In the second run, values
of a1 rounded off to the nearest hun&edth's decimal place are entered into the progranq
requiring the modification of AA(M.N). The modified expression becomes AA(M,N)
:A(N)-(.1D0-.01D0it (XM-1.D0) )/10.D0*nI . The foliowing rotation is used:
S:sin7; SA:sina"7; CA:cosanT; X:an2sin!/-sin2a,l; Y:VF .

DIMENSION A ( 12 ) ,B ( 12 ),R ( 12 ) ,AA(2r,12) ,AB(21,12) ,BB(21,r2),EF-(zr)
READ (r ,20)  (A(r ) ,  r :  1 ,12 )

20 FORMAT (11F 1.2/F 7.2)
PI : 3.1,415926>
DO 100 N:1,12
DO 100 r:1,6
DO 50 M_1,21
XM:M
AA (M,N) - A (N)- ( 1.DO-.1DOr8XM) /10.DO'r'*r
S: DSIN (PII2.DO)
CA: 169514.A1M,N ) nPI/2.DO )
sA: o515144,tN) *PIl2.Do)
x: AA(M,N) * *2 iksl *2-SA*SA
Y: DSQRT(X)
BB (M,N ) :CA*Y/ ( SAr.S)
HCB: 1t665i113B (M,N) n PI/2.DO)
AB(M,N) : DABS(SA*HCB/S)

50 ER (M):  DABS(AA(M,N)_AB(M,N) )

40

DO 100 M_1,20
R(N) :  ER(M)-ER(M+i)
rF (R(N) ) 100,100, 40
R ( N ) : E R ( M + 1 )
A(N):AA(M+1,N)
B(N):BB(M*1,N)
CONTINUE
w R r T E  ( 6 , 3 0 )  ( A ( r ) ,  B ( r ) ,  R ( r ) ,  r : 1 , 1 2 )
FORMAT ( 1F 20.8)
STOP
END

Reteiences

i00

30

t .

2 .

) .

i,i:T?J;'#;k,#".,',E:ii,i"&:'i:id$"-i'?;1"1ffe*".'ii%1o2D7ams," rransa€rions oI

:i,TiJ,.Fa:T#i,::?'b*"k;&...i.".j:;i;x:,1".?,!v:r.1;,"til':",!,.\1"f;#'f:,,* -
fitrle, B. !fi., and Thompson, T. R., End Effects in Truncated Seml-fniiDite Wed.ge,,, Jonroat"iJ!"r:':K.""';{f':6:,!:X::7;l;:b;;1:f$!l;";i/'t" iiii*ii"i' si'ii"'v ot'cr"ii bngin'"",
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