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Ultimate Loads for Shallow Funicular Concrete Shells

Abslract

Ten shai iow funicular concr€te shcl ls (squarc ba<e, double curvature and dif fcrent r ises) were
loaded to failure with a concentrated centril forc. Five shells rere randomlv reinforced with steel
wires and tbe rema;nder with a wire mesh through rhe middle surface All of thc shells q'ere 90 x
t0 €m in plan form. Strain gages showed a linear relationship betwecn load and strain in thc elas_
r;c raopc of thc concretc. rr'-hc-reas m.asured deflections varied nonlinearlv with load. In addition'
acrual f,eflcctions wcrc larcer rhan those dctermined analvticallv bv small deflection theory Thcsewerc larser than those dctermined analytically by small deflection theory Thcse

rt larse 
-deflection 

theorv. rathcr than classical small deflection theorv, would beresults iodicate that large deflection theory, rathcr than classical small- deflection theoty, would be
more aDoroDriare lor r[.oretical invesrisations of shallow fuoicular shclls subjected to ]afgc con'
- - . . . " . - i  r - ,1.  r  r t . im'r .  t^a, ] .  - " . "  "or  r lpar lv re lared to w* o{  re inforcement.  but  were a funct ion
more aDoroDriare Ior  rh.oret ical  jnvesr igat ions ot  shal low luotcular  shcl ls  subtected to largc con-
..nrtar.il lo"dt. Ultimate load: were not clearly related to type of reinforcemeot, but were a function

of  the r ise and th ickness of  the shel l ;  in  general ,  the Larger thc r ie< pi rameter (squarc of  the ta( io
of  r ise to th ickness),  the larger the ul t imarc load Fai lurc p:rnerns for  shel ls  wi th both k inds of  re '
inforccmenr we're the same.

lntroduct ion

Because of rheir light *'eight, graceful form, and high load resisting capacity, shells of

various rypes are used for many structural PutF)ses. Although shells rvith potential use

in construction have been studied by oumerous iovestigators (Ramaswamy and Chetty

1959. Haas 1961, Ramas*'amy 1968, Odello and Allgood 1970, Vafai aod Farshad 1976,

Farshad 1977, and others), there is a paucity of information on the ultimate sffength

of funicular sheils rvith differeot rises. Io the case of shells with double curvature (the

type discussed herein), classical methods of analysis are complex ancl unn'ieicly The

development of the finite element meth<xl renders the analysis of such Problems tracta-

ble, but experimentation is still needed to determine the actral behavior of shells

rvith different reinforcement under various loadioq conditions: ult imate load aod mode

of failure are best determined experimentally.

Concrete Mix and Propedies

Composition of the coocrete mix is shos'o in Table 1.

Young's modulus, E, rvas determjoed by compressive test of staodard cylindrical

specimens (i5.2 x 30.5 cm) cured uoder the same conditiots as thc shells Values of

E and othet propertics of the shells ate given io Table 2. A value of 0.10 rvas usecl

for Poissoo's ratio.
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TABLE 1 .  Concre te  mix  p ropor l ions  ro r  1 .0  m: r .

Coarse aggregate-traction sand

*Stee l  x i res  (25 .1  x  2  rnm)

1790. ks
2130, l rg
3690. l rs
235.  l i ler

0.036 I { ,s
224.  ks

*For  i i ve  randomly  Ie iDforced she l l s ; lhe  o iher  f i !e  ' . . ' l  r  rc in lo rced \y i lh  l v i re  mesh (o rd inary  ch icken
{ i re )  rh rou ! .h  thc  midd lc  sur lace .

TABLII 2. Ploperiies anrl Iailure loads, P,,, oI shells.

She l l  R ise ,  z
] te in to rcement  (cm)

E ( x  1 0  6 )
(N/cm2 ) P,,b:/Edld ( N )

I
2

1
6

s

l 0

5 . 6 1
5.9 rr
0. i r0
i . 0 1
7 . 3 0
6 . ! 1
i . 3  9
? . E 0
E . U u
9 .  E 0

I  S 0
3 . 0 0
2 . 5  0
2_20

2 . 2 0
3 . 3 0
2. E0
? . ? u
3 . 3 0

RRl

ltR
Rli
NIt
'wlI2

lVtI

\!lI

9 . ? 1
3 . 9  9
6 . 3 i

1 0 . 1 ;
.1 ,21

9 . t 6
t . 0 1
i . ? 6

1 0 . 3 6
8 . 3 :

1 . 6 i i
1 . 3  ? 9

.1r  6 ;
1 . 1 0  3
1 . 5 1 i
1 . ; 1 i
1 . 5 1 i
r . 5 1 ?
1 .a1?

6 ,  t  3 0 .

72,230.
1 1 , 2 3  0 .
1 3 , J  4  0 ,
1 6 , 6  E 0 .
2 1 , 1 3 0 .
20,24n.

3 ? ,  |  6 0 .

0 . 8 3 5 * *

0 . 5  0 2
1 , U U 1
0 . 1 2 8
1 . 0 3  E
0 . 2 i 9
0 . 4  t 0

lRandom re in fo rcen len t  (mi ld  s tee l  l v i res ,  2 . :11  x  0 .20  cm) .

ewi rc  mesh lo rd inary  ch icken \e i fe )  Ih roush midd le  sur face .

*Ultimatc ldds unrecorded.

. *P , jb2 / I td4  computed $ i th  b  =  47 .0  cm io r  a l l  she l l s .

SECTION A-A
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Figure 1. Funicular shell: dimensions, loading, and coordinate system.

CastinE of Shells

A form consisting of a square steel frame aod canvas was used for casting the shells.
The canvas \\'as soerched between the boun<laries of the frame and clamped thereto.
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'When 
concrete was grured, the resultant sag (and therefore the rise of the shell when

in inverted position) x'as derermioed by the rensioo in the canvas; thus, a funiculus

was formed. Coostruction of the frame allowed the casting of four edge beams as

integral componeots of each shell. All shells s'ere moist-cured for 28 days before testing.

25.4 c m

\ 2 . 6 . t

\ , r . r . '
\  3o .s  r .

O otal GAGEs
A srRalru GAGEs

Figure 2. Location of gages (D2 at shell's center).
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Figure i .  Typical deflect ion curve (she1l no. 4, P = 2020 N ).
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Inslrumentalion and Testing

Electrical resistance strain gages (60" strain roseltes) wele mounted on the upPe!

and lower surfaces of each shell at intervals along a diagooal, and dial gages were in-

stalled to record deflections at several ltxations along a transverse sectioo through the

middle of rhe shells (Fig.2). Each shell rvas loaded in the elastic range, and strains

and deflections recorded. After non-destructive testing, all shells were loadecl to failure.

Results and Discussion

Measured deflections, as shown in Fig.3 for a typical case, are large in the region of

- too.
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Figure 4. Typical elast ic membrane strcss curvc along B'axis (shcl l  no. l ,  P = 4. i50 N).
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the ceorally applied force and comparatively small elservhere. Fig. 3 also shows that
measured deflecrions are grcarer thao rhose derermined analytically by the finire element
method (Sap lV thin shell element program x'ith 16 rectangular elements for one quad-
ranr o{ rhe shell).

Assuming that bending is lrrcalized io the vicioity of the supports and poinr of
Ioad application, membrane rheory can be used to approximate rhe behavior of the
shells investigated. A plot (Fig.4) of the membrane stress distribution (as determined
by Hcxrke's Law from measured srtains) for a typical case sho*'s a steep gradient in
the vicinity of the ioad.

At large deflectioos just before failure, shells rvith both kinds of reinforcement
exhibited the same sequence of crack propagation and crack partero. Visible cracks
first appeared at the center of a shell's ourer surface and then propagated to the corners
along the diagonals. As the load was increased, apparenr zones of teosion near and
approximately parallel ro rhe supports also cracked (see Fig. 5), forming a mechanism
by which the shell eventually failed. Zones of tension io the vicinity of the suplnns
can be attributed to localized bending caused by suppot reactions.

Although scrain measurements indicate a l inear variarion of strain with load io
the elastic range, dimensionless load,defleciioo plots (Fig. 6) illusrrare that load ancl
deflection vary nonlinearly. This behavior and the discrepaocy between measured and

Figure 5. Crack patterns for a typical case (shell no. 3).
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Figute 6. Dimensionless load-center deflection curves for several cases.

theoretical deflectioos (Fig. 3) suggest rhar mathematical investigations of shallow
funicular shells with large concentrated loads should be based on large deflection
theory. Fig. 6 also indicares that the deflection characteristics of a shell vary closely with
its rise parametef,,\; rype of reinforcement (for the shells tested) appears to have
lirtle effect on deflection.

The dimensionless plor io F!g. 7 shows the variation of the failure load, P., with I.
In general, P,, increases with large values of ,\. For the shells tested, Fig. 7 shows thar
the loacl resisting capacity of a shell, regardless of the kind of reinforcement, is primarily
a funcrion of its rise and thickness. By Fig. 7, the relationship betweeo P,, and ). can
be approximated by the equation (2... x1\l)

P"b'
-- 0 0603e0 21e71.

Ed4
Extrapolation of the dimensiooless results in Fig. 7 to shallow fuoicular shells dif-

ferent in size from those discussed in rhis study requires caution, since other modes

of failure are p,ossible. For example, Odello and Allgood (1970), rvho tested funicular

shells 10.67 x 12.20 tr in plan with a 5.08 cm thickoess and a,76.2 cm rise (X-225),

found rhat uniformly loaded shells failed by buckling and rhac shells subjecred to coo-
centrated loads failed by puoch shear. Adcliriooal experimenral *'ork on shells of sizes
transitiooal berween those disc,Lrssed herein and rhose considered bv Odello and All-

- - -  RANDOM REINFORCEMENT
- W I R E  M E S H ,,/ No 4, ), = lO.l5

No 6 ,  t r=  9 .86

- -  No  3 ,  ) r "  6 . 35
No 8,  ) r=  7.76

No 7, )r,= 5.Ol
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FOR 2s ) .<  l l ,

H 
= o.O6o3eo.2ls7l
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Figurc 7. Variatioo of uitimatc load paramerer, P tllEda, njth rise parameter, ,\.
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good shoutd be undertaken to further the r.rnderstanding of failure loads for funicular

shells.
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