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Great Expectations: or
Playing the Odds in the State Lotteries

Abstract
With in  the  pas t  quaner  centur r  there  bas  been a  pro l i fe ra l ion  o f  s ta te  sponsored lo l le r ies  in  lhe  I in i ted  Sta tes  o f  Amer ica .

Leg is la tu res  regard  lo t te r ies  as  a  succes fu l  means o f  impos ing  a  vo lun tan  tax  on  a  c i t i zenry  tha t  has  become res is tan t  to  in

c reased taxa t ion  on  proper ty ,  income,  sa les ,  o r  ser r i ce .  S ince  i t s  in t roduc t ion  in  1982,  the  t rash ing ton  S la le  Lo l te r )  has  re

tu rned $300 mi l i ion  ro  rhe  s rare  genera l  fund.  Because by  las  ,10  percen l  o f  the  to ta l  mon ies  wagered mus l  be  awarded to

lhe  be t to rs  and lhe  s {me amount  to  lhe  genera l  fund,  .n  easv  ca lcu la l ion  g ives  the  to ta l  {4ger  L ,y  persons  in  the  hope o i  be(om-

ing  a  mi l l iona i .e .  To  eva lua te  lhe  ac lua l  chances  o l  w inn ing  us ing  some o f  thc  cur rcn t ly  nccepted  be l t ing  sys tem!  a  mathemat ica l
node l  i s  deve loped wh ich  descr ibes  the  s tochas t ic  behav io r  o f  the  common s ta te  lo t te ry  s1 ' tems.  The rnode l  i s  cornpared w i th

the  c lass ica l  occupancv  prob lem,  f ron  {h ich  as lnp tor i .  resu l ts  a re  der ived  fo r  rhe  d is t r ibu t ion  o f  the  number  o f jackpot  w in

ners .  Resu l ts  fo r  the  expec ted  number  o f  repeated  numbers  in  success ive  lo t te r ies  a re  compuled  as  a  means o f  check ing  the

tou ted  be t t ing  s t ra tcgr  o f  p lay ine  "h . ,1 "  
numbcrs .  I l c  t ruc  c rpcc ted  va luc  o i  the  lo t tc ry  i s  dc tc .mincd,  and the  resu l l s  a r€

compared s i th  da ta  f rom t le  Wash ing ton  Sta tc  Lonf fv .  l t  i s  found tha t ;

L As the jrclpot ;rcrelses, the expected .etu.n does not significanlly chrnge becruse increased partic;p.ition raises lhe likelihood

of  du l t ip lc  s inn f fs  w i th  thc  pavof f  sp l i t  among thcm.

2. The pattern and cluster systems do not offer a basis for increased erpectation of success because the winning combinatioD

is  i l se l f  randomly  genera ted  (and care fu l l r  mon i lo red)  and thus  the  sequence o f  w inn ing  nunbers  { i l l  obe t  lhe  un in lu i t i ve

lass  o f  p robab i l i t )  and no t  those o f  sonc  
"s ls ted . "

3 .  The observed pers is te rce  o f  r in r ing  nurnbers  i s  an  erpecred an i lac t  o f  rue  random nunrber  genera t ion i  bo t  wh ich  nunbc.s

wilt be repeated canDot be known beiorehand so does nor offer any basis for making predicrioDs.

4 .  0ur  resu l ts  on  expec ta t ion  nay  no l  be  persuas i le  to  those ind iv idua ls  whose persona l  u t i l i t r  func l ion  is  conve! ,  ins lead

of linear, that is a person for whom a few dollare spent on lotterl rickets neans ri.rually nothing.

5 .  0ur  resu l ts  shou ld  no t  be  regarded as  mora l i s t i .  fe r !o r  aga insr  p lay ,  s ince  the  lo t te .y  i s  la i r l y  run ,  i t s  pa . t j . ipa t ion  is  !o1un '

ta ry ,  and i r  has  a  h igher  expec ted  re tu rn  than many orher  gambl ing  games w i th  wh ich  i t  competes .

Introduction

The first modern state-sponsored lottery was ini-
t iated in New Hampshire in 1964. I t  proved to
be so successful that, as of 1986, trventy-trro
states, and the Distr ict of Columbia, have in-
st i tuted lotteries which now generate about $16
billion in business annually. Herein rve shall con-
centrate principal ly upon the Washington state
garlire, Lotto, although our results also apply lo
similar lotteries, such as in New Yolk, 0regon,
Maryland, or Delaware rvhere the prizes are spl i t
among the rYrnners.

The Zotro-stylc games are playcd as fol lows:
F o r  a  f e e  ( u . u a l l y  $ l )  t h e  p l a 1 . r  s e l e c t s  t w o  s i r -
number combinations without repeti t ions from
the f irst p whole numbers. The value of A( is ad-
justed to the populat ion of the state; in New York
p = 48, in Washington F = 44, in Oregon 42,
in Maryland 40, while in Delaware p = 30. Thus
in any lottery of this type there are

different combinations possible. In Washing"
ton m = 7,059,052 and in New York m =
12,271,512. Each week the State randomly se-
lccts the winning combination. In Washington's
Lotto game the largest jackpot is shared equally
by all persons scl€cting winning combinations;
a smaller jackpot is shared by all who have
selected 5 out of the 6 and another is shared by
those selecting 4 of 6. In all of these games the
salient feature is that the jackpots accumulate
if not won, and thus there is, intermittently, an
extremely Iarge jackpot rrhich invariably draws
incrcased participation from among the bctting
citizens. For example, in Washington on March
1, 1986 there was an $8.5 mill ion jackpot that
was shared by two winners. The previous jackpot,
nhich started groving on February 8, 1985, was
not won at $l mil l ion; there rvas no winner the
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fol lowing week so the prize rose to $2 mil l ion;
there was no winncr the next week (ne!r jackpot

$4 mil l ion) and the jackpot then increased to $8.5
mil l ion which was then claimed by tno wrnners.
Since the introduction of the current version of
Iotro there have been, as of this writ ing,37 weeks
without inners out of 62 weeks of pla,v, and B
o f  t he  25  t ime .  t he  j ac l po t  has  been  ' nnn  i t  wa .
shared by at least two winners.

As  r i t h  man r  . t o .has t i c  games .  i t  i .  qu i t "
ea \ )  l o  a r r i ve  d l  e r roncou r  o r  na i re  e rpe r ' t r t i uns
fo r  one ' s  p ro "pec t . .  Th i s  i .  no t  su rp r i s i ng . i nce
frequently probabil ist ic behavior wi l l  test the in-
tuit ion of even ihe trained investigator. For ex-
ample, the fact that many of the larger state lot.
tery jackpots have been claimed by mult iple win-
ners has been observed bv manv plavers of the
lottery. A person of our acqaintance, who recently
won about $1000, gives the fol lowing advice:

Pick an unusualnunt€r combinarion, one that soneonc clse
si l l  not l ikely selcct. Thus, i l  you { in. you { i l l  Dot have to
divide the prizc.

The reasoning is that the winning number wil l
be chosen at random and you are equally l ikely
to win whether you have chosen an unusual com-
bination or not. Thus i f  ,vou fol low this advice
your expected $innings wil l  be higher. However,
we are left  wirh the dif f iculty of identi fying
"unusual" numbers.

Although the "systems" employed by in-
dividuals are undoubtedly numerous and to lesser
or greater degrees inventive, perhaps the best
known advocate of a systematic approach to bet-
ter the odds is Gail  Howard of Nerv York. She
is a former stock broker and commodit ies trader,
who at one t ime was among the nation's top com-
modit ies forecasters. Her system (marketed in
se re ra l  pub l i ca t i on . r )  r - on . i s t s  r , f  mon i t o r i ng
"hot" numbers, and by tracking "randomness

which forms patterns that are predictable to a
certain extent." In manv respects her approach
to the lottery is much the same as that of an
economic forecaster. She claims to "ferret-out"

winning numbers b-v chart ing the past numbers

'Mrs.  Howard of lers at  least  t {o publ icat ions giv ing adr;ce
on how t . ,  p lay the srate lot ter ies.  Arnong her of lcr ings are:
Lottery Buster, and lor Lhe Canadian lottery, l.otery .]/!ai
rase. He. nany article! (e g , HoNard, 1S84; l98sa,b) arc aho
i l luninat ing.  She is the most prominent lot tery forecastcr ,
and manv tens ofrbousands of  indiv iduals subscr ibe to her

which have won (Zoshingt.on Times. August 12,
1986, Section B, Page l):

About  ha l fo fa l  unu ing  r rumbers  havc  h i t  s i th in  rhe  prer ious
lh rc .  gamc,c i  a lou t  r {o . th i fds  o f  a l l  $ i rn ing  nunbcrs  have
h i t  { i rh in  the  prev iou ! ,  t i v r  gamesr  and about  87  percent  o f
a l l  w inn ing  nunrbers  havc  h i l  { i tb in  rhe  las t  ten  games.  So
i fyou  p lay .e .en t  { inn ing  numters  rou  inc rease rour  chan. .s
o f  { inn ing .

In a recent vear, i t  is reported (/oc. ci t .)  that she
won ?2 second and third place prizes in the
various lotteries using her strategy- However, i t
ryas not reported how the prizes were distr ibuted
between the two places, nor ho$ much was in,
vested to have acquired such a record.

One of the purposes of this note is to analyze
some of these popular strategies from a proba-
bi l ist ic framcwork. We also point out that thc fre-
quent accumulation of Iarge jackpots shared by
mu l t i p l e  r . i nne r . .  a l t hough  pe rhaps  nu t  i n tu i t i ve .
is in fact to be expected. Further, we ca]culate
the expected fract ion of t ime there wil l  be no win-
ner or multiple winners in each drawing as a func-
t ion of the level of part icipation. Thc expected
fraction of winning numbers that rvi l l  have been
repeated in preccding drawings is also detcr-
mined, and compared to Howard's empir ical evi
dence. Final ly, we uti l ize al l  this information and
calculate the true expected value of the lottcry
to a player, and then formulatc this into the best
advice possible to increase one's expected return.

Expected Return

Whether to play a game of chance and r isk los-
ing one's bct should depend upon the expected
pavoff of the game. This is, of course, related to
the odds of winning and the system of rewards.
In the Washington rorro two 6-number combina-
t ions are selected for each $l t icket, either of
vhich has the same chance of matching al l  6
numbers; i t  is

"  
l ; l  

' 4 ' 7  1 o '

For comparison this is about the same chance
as gett ing a straighl-f lush fol lowed by three-of-
a-kind in two successive hands at poker; or of ob-
ta i n i ng  hcad '  on  each  o l  23  r ' ons r . r ' u t i r e  t oeses
of a fair coin; or of gett ing l l  of 13 spades in
a hand of bridge. None of these wil l  occur
frequently.

Prizes are also given for matching 5 out of
6, ,1 out of 6 and two free Lotto t ickets are given
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i f  one matches 3 out of 6. Using the hyper-
geometric probabil i t ies 1ye caiculate

P, {:) tT) '{ t)

r, ()rT) rt) .-.
P, {:)(1) {i) r .!

However the amount to be won in each categorr-
varies from 1{eek to 1aeek, at the discret ion of the
Gaming Commission, depending upon the out '
come of the preceding week's lottery. Let us
assume some tJpical values, namely that the
payoff is $1 mil l ion, $?50, and $30, respectivelv
fo r  6 ,5 ,  and , l  ma tches .  S ince  i n  Wash ing ton ' s
Lotto each dol lar purchase vields two 6-number
combinations, the value (or expected payoff ' )  r /
o f  t he  game  muc l  cn l j . i r  1 l c  "qu r t i on

r ( r o 3 n + ? r o p s + 3 o p , - r r j )  r , .  ( l )

assuming, for simplici ty, that the value in the
next game wil l  be the same as in the present one.
Performing the ari thmetic vields r = -0.655

in dol lars. Thus for cach dol lar spent the ex-
pected loss is about 65 cents. Remember that in
a fair game the expected loss is, by definit ion,
zero. But i f  the grand prize increases, to $3
mil l ion, the value becomes posit ive. I f  we were
to scale each prize by 3 in eqn. ( l)  we obtain the
value to bc y - $1.34.

If  the jackpot value becomes large, say to $B
mil l ion, not taking into account any other payoff,
one sees the value would be

3 !  l o i ( ? 3 3 :  r o  1  r - $ r . ? 6 .

We might conclude from this calculat ion that,
even though the chance of winning is sl ight, the
game is nonetheless advantageous: the more one
bets the more one expects to win. Thus, the odds
would seem to favor the players whenever the pot
becomes large!

Th i .  " imp l " .  . r nd  e r ronpous .  r eason ing  seems
to be at least part ial l ,v responsible for the vastly
increased part icipation in Lot.to whenever the
jackpot reachcs about $3 mil l ion. However, one's
enthusiasm, regardless of how large the prize,
should take into account:

.  excepl in the Canadian lottery, the present
value of the prize is only about half  the
nominal vaiue since i t  is paid In an annu-
itr  over 20 years, and

r it is more likcll', as participation rncreases,
that the prize wil l  be spl i t  among several
winners thus reducing the value ofthe pot
to each wrnner,

Thc exact mathematical calculat ion of this last
contingency is dif f icult ,  and is necessary for a
true appraisal of the expected garn to a Lot.to
player. We wil l  return to this point after develop-
ing an accurate mathematical model for the
game.

A Mathematical Model for Lotlo

Consider al l  di f ferent number combinations
possible in a state lottery as cel ls numbcred l ,
2, . . .  ,  m. Assume that one of thcsc cel ls is chosen
at random with each purchase of a lottery t icket.
These numbers are chosen with replacemcnt, i .e.
a given number combination has the same proba-
bi l i ty of being chosen at each successive draw-
ing whether prcviously sclected or not. This is
certainly the case for the player vho uses the
pseudo'random numbers generated by machine
through the method cal led Fast 'Plc in Washing-
ton or analogous systems elsewhere. There are,
to be sure, a number of players who bet " lucky"

numbers, birthdays, hunches, etc. which, str ict-
h speaking, may not be randorn, but this percen-
tage is small  and their select ions are not l ikely
to vit iate our assumption of randomness.

If  this assumption is true then plaving a lot
tery is exactly analogous to tossing a bal l  at ran-
dom into one of m cel ls, each one of which has
the same probabil i tv ol being selectcd. To
calculatc thc probabil i ty that a certain number
of cel ls remain empty after a given number of
bal ls have been so distr ibuted is a dif f icult  com-
binatorial exercise known as the Classical Oc
cupancy Problem (Fel ler, l968).

Let -Yo denote the random number of empty
cel ls lvhen n bal ls have been tossed into m cel ls.
(-Io corresponds to the number of combinations
that have not been selected by any lottery player.)
The exact distr ibution of X6 is derivcd in Fel ler
loc. ci t .  k is givcn for,4 - 0, l ,  . . .  ,  n by

P , Y o  ,  p . r  " . -  { l t f t  . ' ) , -  j  1 "  r r t\ , /  = \  r  , \

Unfortunately this probabil i t l  is neither simple
nor computational ly tractable except for vcry
small  n, rn.

However an ingenious part ial  result on both
the expected !alue and the asymptol ic bchavior
of I0 was givcn by R. von Mises (1939), who
reasoned as fol lows: I f  n bal ls are tossed into m
cells some of the cel ls wi l l  have no bal ls in them,
some  oneJ  some  seve ra l .  We  say  a  ce l l  has ;
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occupancy i f  i t  contains i  bal ls, for i  -  0,1,. . . ,
n. Let -{r denote the random number of cel ls with
l-occupancy. Now it  is clear that

1r, = -,  ,r* --o- r-,1, (2\

and

I i . Y .  a  r \ "  L i  o a  t L a . . .  r ? l

Con . i d " l  r h "  i nd i ca to r  va r i ab le

-  [ '  , r , n . , , '  -'  
I  .  " "  ( ' r l

Now ,Y, = t;, X,-. Consider the number of balls
in the first cell. After D tosses have been madc
this number wil l be a binomial random variable
since each toss has the same probability, lrz. lim,
of going in the first cell. Thus from the definition

, .  ,  ( : . ]  , t , ,  ' -  ( s )
\ , /  m

By symmetry each cell has the same probabil istic
behavior and so by (4) and (5)

r . \ .  n r  { ,  - " , . r ,  '  - 1 ' ) . - l "  t b )\ , /  ,
If we define the factoriaL polynomial of degree
r for any variate r as

(a .  l l \ ' - r  ,  (? )

then it becomes possible, b1 a somewhat more
involved argument given by von Mises loc. cil.,
to obtain the general r 'r factorial moment of,{r,

E (x i ) .

for n, k, r  non'negative integers such that 4 >
rk, r 3 m. The distr ibution of X1 for A > I is
known; i t  is given in i5],  but is qr,r i te complicated
(l ikc that of X), and suffers from the same com-
putational dif f icultv.

Now, for example, we can easi ly obtain the
mean and variance of X6, namcly,

r r  " l - l  ( q )

and

v{ lxo .  E(xo)? ,  t  r l xo ,  (Exo l ) '

, r o ' a , t ; 1 ' - - - '  { t o r

The asymptotic distribution of ,{6 was found by
von Mises (1939) under cerlain condit ions,
Theorem I I f  m, n - e'  so that me "t- -  ) \
( f ini t .)  17", thp distt ibutioa uf Xn b""omo". in
the limit, a Poisson distribution uith mean\., i.e.,

f o r a n y k = 0 , 1 , . . .

' ( r : 4 , n )  -  - 0 . ( l  l )

(8)

Thus for large values of m, n fot which me-"/-
is moderate the distr ibution of ,Yo can be ade-
quately approximated by a Poisson distr ibution.
Table I (after Fel ler, 1968) displays the approxi,
mation.

But i f  we are interestcd in the probabil i ty that
,{o = 0 for other values of rn, n then ( l)  gives

P ( 0 , ' - r = i (  ' f f - )  ( n t '
- a  (  12 )

TABLE L Poisso n Approximation ro p(* r a 1000), the Probabilit;cs ot Finding Eractly /r Enpty Cells tr h e n a Balls lfe Randomh
Distr ibuted Into 1000 Cel ls

p(i , n, 1000)

] l

5000

5500

6000

6500

?000

7500

8000

8500

9000

6.',t4

4.09

2.48

1.50

0.91

0.55

0.31

0.20

0 .12

0.0012

0.016?

0.0838

0.2231

0.102i

0.5?7?

0.7126

0.818?

0.8869

0.0080

0.0685

o.207'7

0.3347

0.3661

0.3163

0.2,106

0.163?

0.1064

0.0269

0.1400

0.2575

0.2510

0.1666

0.08?3

0.01r1

0.0164

0.0061

0.0604

0.t909

0.2t28

0.1255

0.0506

0.0162

0.00.19

0.001I

0.0003

0. l3?  I
0.r596
0.0655

0 . 0 1 4 1

0.0021

0.0003

0.r182

0.0636

0.0096

0.0008

0.0935 0.0386

0.0l, tB 0.0023

0.0008
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This calculat ion is not feasible even bv machine
for z, nr very large. Notice that if n = rz ln (m / tr)
as m - @ then not onlv does

/ m  l \ "  ) r
- l  

-  /  
. F  b u . d $  P ( 0 : n , m )  . "  ^

stnce
/ - \  l -  r t "  r ,
l , / l ;  I  - a  * - - -

Bu t  i n  t he  c i r cums lan .e  l ha l  r n  -  co  r i t h  /
n/m f ixed then each term of (12), except the f irst,
diverges. A simple method of calculat ing this
probabil i t l  is yet to be found in thrs case.

Unfortunately the von Mises cri terion cannot
always be real ist ical ly met for lotteries. Consider
the case in the New York lottery where ra = L2
x  l 0 ' and  n  =  2  x  107 ; t hen ) ,  -  2 .27  x  l 0s ,
an irnprar-t ical ralup fur a Poisson approximation.
Moreoue r  i n  f , l l  s t a tp  l o l l e r i es  con re rgencp  i s  ap .
propriately modelled by

n  m !  r o r s o m € n x , d / s m  . _ .  ( 1 3 )

in which case the distr ibution of,Yo does not con-
verge to a Poisson. However, this is not the im-
pression conveyed b. ' . '  Fel ler, loc. ci l . ,  (p. 105)

In  p rac t ice  ue  may use lhc  ( l ' o isson as  an)  approx ina t ion
whenerer  (our  number )  n  i s  g .ea t i  fo r  moderare  !a lues  o f
n  an  cs t imate  o f  tbe  er ro r  i s  rcqu i rcd . . .  bur  we shat l  no t

One might conclude this i f  one only exam-
ined eqn. (9), since for m as small  as 10, E[-{o]
=  m . - '  -  t u ,  ̂ n t  va lue  o f  n :  bu t  nxam in ing  rqn .
(10) one sees other$ise. Wc state
Theorem 2 fr = a/rn is fixcd for n,m large then

From eqn. (10) the quantity in square brackets
bccomes

r '  = '  (=) ' l -  r -  ' r ( '  or- ) .
- '  ( '  * ) ' { ' . r  ' ) [ '  ( '  G  i ] , ) ' l ]  ( 16 )

By setting
_  , = 1 .  . 1 a  a r + ] t ,

the term in curly braces in eqn. (16) becomes in
the l imit

Proof: The f irst claim is obvious since under
these condit ions

.  / m  t \ ^ '
r L m  I  )  = e " .

TABLE 2.  The var iance of  l i  for  lar ious n and /  = 2

(17)

AppJying L'Hopital 's rule in (l?) and using the
expansion -ln(l - tr) = , '  + o(t 'z) we infer

lirr r tr[I9 .'p1r"1, r'1] =,.
which gives the result claimed.l

For the distr ibution of ,Ye to converge to the
Poisson it is nccessary that the variance converge
to the mean and we see in this circumstance that
it will not. But the case v = n/m fixecl fot n,m
large is exactly the case rye are interested in when
we consider state lottcr ies. We note that virtual-
fy nothing more than the moments ol Xo for h
- l ,  as given in eqn. (8), is known about the ex-
act distr ibution, since computation is so dif f icult .

Lp t  u .  no rma l i ze  X^  b1  cons id . r i ng  t  1  -
-{*, /  r 'a, the fract ion of cel ls having l-occupancy
among the m. Let v = n/m be the fraction of
tickets sold per combination, callecl the relatire
pa icipation. From eqn. (6) we thcr see, as
m - c6J that

" '  ' " ' ' " l i i ( '  - - )  ' ; ' '  { r B )
Thpse  as \  mp lo l i ' "  va lue .  l  i e l d  an  obv ious  i n te r -
pretat ion with eqn. (2) and (3).

Moreover, one may check that

v e L u r r  . 0  a u  - - .

We display this convergence lor k = 2, v = 2
in Table 2.

and

! e  x o l  :  n .  L ( r  ( r  . , ) . ' ) .

( l4)

(ts)

10"l0'10 , 10. t0'

3.3?3 x l0' 1 .089  x  l 0 ' 4 . 1 6 . 1  x  l 0 ' 4.1?1 x l0{ 4 .1?2  x  10 " ,1 .172  x  l 0 '
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We assert that for real ist ic values of n and rn in
a state lottery the random [/* are virtual ly deter-
minist ic, and for al l  practical purposcs the
fractions

( l  e)
give the probabil itv there wil l be & winners shar-
ing the grand prize in the lottery as a function
of r,. This behavior is i l lustrated in Table 3 for
a typical value of the relative participation
0 = 312:

TABLE 3.  Tbe expectcd proport ion for  var ious occupancv
numbe.s,  ,  = L5.

, , ( , ) = E t r i : ' l i ' - " ,  "

Thus i f  the Lotto game sel ls n = 10.5 mil l ion
tickets for which ra = ( ' ;)  -  ? x lOu combina-
t ions are avai lable, there is nearly I  chance in
4 that no person wil l  obtaio a 6-match and, win
the jockpot. This seems surprisinglv high to most
pcoplc.

Usually fcwer t ickets are sold; suppose onl-v
3.5 mil l ion. Then we have r, = l /2 and Table 4
reveals that there is now a 60 percent chance of
no jackpot winner.

TABLE 4. Erpected proport ion wben , = 0.5.

0ccupan.r  number (*)

Expected proponion (E[Ua])  0.60 t '
0ccupancy number

(t) 0

Expecled proport ion
(Elu.l) 0.223

I

0.303

> 2

0.09

> 4

0.335 0.251 0.r26 0.065

To see the behavior of the probabil i ty of various
mult ipl ici t ies as a function of the bett ing par-
t icipation / we plot in Figure I qo, Qr, and q *

T
=
m
(n

E
(L

o.8

o.6

o.4

o.5 r . o  t . 5  ? . o
P A R T I C I P A T I O N  ( u  )

2 . 5 c.\J

Figure L Thc probabi l i t r  of  no rhner (pJ,  exact ly  one winner (p)  or  mul t ip le winners (p.  = Q? + Qr + . . . ) ,  versus the

rela l iye par l ic ipnl ion d.  The probabi l i t l  that  thefe is  no wnrner,  s. ,  that  lhe jackpot incteases,  is  surpr is ingly h igh

eren wi th large re la l i le  pa. t i . ipat ion.
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- Q, + pi + . . .  ( the chancc of mult iple win-
ners of the jackpot).

The Persistence of Winning Numbers

As we have noted, Howard's system is based upon
the empir ical claim thal certain numbers among
those that have been chosen as winning lottery
combinations remain "hot": these numbers reoc-
cur with extraordinari ly high frequency, far be-
yond what could be explained bv a random
model. Some of her start l ing empir ical frequency
records have been previously quoted.

We wil l  now show, surprisingly enough, that
the fract ions she gave are in virtual accord with
the predict ions of a probabil ist ic model for the
percentage of reoccurrences of one part icular
state lottery. (Althorgh the state upon which hcr
data is bascd is not specif ied, such data clearly
could not be true for al l  lotteries independent
of P.)

The winning combination is a subsct of size

I - 6 drawn at random without replacement (by
State authorit ies) from the set of the f irst p
natural numbers. Recall  that the number of such
r "omb ine t i on -  i .  m  ( t ) .  As ' um.  t ha t  l i nn ing
combinations are drawn repeatedly for <o 2 I
t imes. Label these sets of winning numbers
W',. . . ,V., and record the span K- - Ui-Wr
the set of al l  di f ferent winning numbers obtarn-
ed in thc first co weeks. A final winning combina-
tion, sa,v lZ6, is drarvn. The repeated set is

P = lt/o . Il.,

i .p .  the . . t  o f  numbcrs  in  the  f ina l  r , inn ing  com-
bination that have appcared in the preceding <,.r
week's drawing. We ask for the expected value
of the size of l l , call i t R#. (Here nS means the
cardinality of the set.) By the theorem on condi-
tional expectations

r , r *1  r  { r1a*  x11} .  ( l )

and a l itt le reasoning shows that
o ,R.  ,  N .  ,  f , ) t  , l  l - )-  t ' , /  \ .  ' /  \ . /

This is a hypergeometric distribution which has
knovn means fVp. Hence the conditional expec-
ta t ion  in  eqn.  ( l )  i s

EtR* Kr =r4t. (2)

Now consider the random set K. = 1(. r U
2., and thereby the conditional random variable
defined bt

x . . n : ,  , . ,  ! " , . !  E p .  f '  ) f " :  I  f , l
U r / \ . / \ ( /

By taking expectat ions we have

Etxj i"  r l= r" ,  -  
l t , ,  

*.  , t  r  + r" 1 (r !)

By  ana logy  we  have  f o r . r ,  =  0 , , , , , - 2

E t d j ,  r , ,  ' = r l t " , , ( r  ! ) .

Thus by i terat ion

E r i  r . , ' = J ' ( '  ; )  l ' - , " , ( ,  ) i
= , ' , 0  l ) - ' ' ( ' ) '

Continuing in l ike manner we have

f , , . !  
I  "  '  ,

and after simpli f icat ion we f ind the condit ional
expectat ion to be

' n . ^ ' " l '  " , , ' ]  ̂ , , ; ,  '
But since E[(i] = ElV,l = f, we obtain for
the unconditional expectation

I l
) A "  , [ r  i '  I  

]  
. r r  

r ' r
Hence from (2), after simpli f icat ion, we havc the
remarkab l l  " imp le  re5u l t  " h i ch  r , e  . t a t .  i n
"fheorem 

3 A sampLe of size ( is draun uithout
replacement from the set of the fi,rst p natural
numbers. This is repeatetL a + | times. I'he set
of repeatetl numbers is R, i,e, the set of numbers
in the last sample which had occurred, in the
preceding o sampl. ' .  The nunbor of elencntt
in R i '  ral l .d RE and i t  has thp cxpp(tot ion

oro'r = , l ' (' !)' j : ! [r " (.,)] (3)

Th is  me thod  t  f  d " r i r a t i on  a , " t ua l l 1  y i e l d .  t he
J i " t r i bu t i un  o f  R : .  mo fc  t han  i s  r equ i red  f o r  t he
p rp t s . t a r i on .  Bu t  f r om the  s imp l i , " i t r  o f  E IRd ] .
as shorvn in (3), an easy explanation prcsents
itself .  The cxpcctat ion is merely the sample size

f t imes the probabil i ty of any f ixed fract ion f ip
not being covered in r,r independent tr ials, 'We
have the immcdiatc
Corollary I If the samples of size ( are drawn
uith replacement for (tt + I) times, the expected
number of repetitions in the lo.st sample among
the preceding <'t is

, ' n+r=r11  ( t  i ) ' " ]  = ' l '  " ' , " t
In ordcr to see the values of the fract ion of

repe l i t i on .  \ e  t abu la ta  EU I -  f l  f o r  r a r i uus  o  and
p with f  -  6 in Table 5.

2The au lhors  a re  indebted  to  a  re fe ree  fo r  th is  ooservanon.
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TABLE 5.  The f .act ioD of  repet i t ions s i lh I  = 6

t 0 l l

Thus for any state with 4 < 38, as i t  was
formerly in 0regon, the cxpected persistence of
winning numbers agrees rvith suff icient accord
with the empir ical fract ions reported by Howard
loc. ci t .  BrI they do not agree so closely with
states with p ) 38. However, whatever the state,
i t  is clear that the information gleaned from
chart ing the behavior of past winning combina-
t ions cannot be used to better one's odds of win-
ning. Bv analogy-, sequential ly and independent-
ly tossing a fair coin natural ly leads to runs of
heads and tai ls; but the observation of a run of
heads wil l  not lead us reasonably to expect that
the chance of a head wil l  be anything other than
one-half on any future toss.

The True Expectation of the Lotto Player

We wil l  now compute the expected gain of a
player taking into account the increased chance
of multiple winners with higher relative participa-
t ion. Let us assume that i f  thc jackpot for a par,
t icular week's lotter,v has a present value of P
dollars the ensuing relat ive part icipation wil l  be
z, i .e.,  sales of D = ,m t ickets. We opine that
r wi l l  general l_v increase with P Indced, this is
observed. Here, for simplici ty, we shal l  be con-
cerned only with the jackpot, which in Iotto is
usually about 10 t imes the amount shared among
5-match and 4-match winners.

The probabil i ty that a part icular t ickct wi l l
be a 6-match winner of the jackpot isp6 = l /m.
Civen that this t icket is a winner, i ts orvner's
share of the prize wil l  depend upon the occupan-
cv of that number combination by the other
players. I f  their play results in /r-occupancy, the
fraction of possible combinations of which is
given by eqn. I I I( lB), then with probabil i ty
e "vrlkl  the share wil l  be P/(h + l) .  Hence the

player's expected share of the prize
|  \ -  P  ! ' , r  P

- : t + r  t ,  
= * L '  '

Thus we have

Theorem 4 In Lotto the erpected ,-alue of the
jackpot uhen the prize has present talue P is

- l t  . ' )  p . t  t i . t . t .  (5 )

*= t,)
\6./

and n - mv is the number of t ickets sold.

Proof: Another way of looking at eqn. (5) is in,
struct ive. Each t icket sold must have thc same
cxpected value; there are n tickcts sold. The prob-
abi l i ty the prize wil l  not be claimed is e ' .  Thus
the expected gain g in dol lars to the plaver for
each t icket (t ickets in Lotto are 2 per doiJar) is

, = n ! . ' ,  1  ( 6 ), " '
which is merely a rewriting of eqn. (5). I

In order to obtain an idea of possible fluc-
tuations in the player's expected gain for dif-
ferent values of the jackpol ,I which determine
in  some s tochas t ic  ma n  ner  the  re ia t i r  e  par t i c ipa-
tion, we make a few calculations for the
Washington iotterv.

Case l: A prize of / = $3 mill ion attracted
buyers of n = 6.6 x 106 numbers. Since z
= 0.93, with z = 7 x 106 we find from eqn.
(3) thc expected gain g = 0.224.

Case2:  /  =  2  x  l0u ,w i th  n  -  4 .6  x  l06 ,so
that / = .65 and thusg = -0.292.

C a s e 3 :  / =  5  x  1 0 6 p r o d u c e d z  =  8 . 7  x  l 0 u ,
thus g = 0.093.

C a s e 4 : /  =  6  x  l 0 " , w i t h n  -  l 3 . l  x  1 0 6 ,
hence g  =  0 .114.

It is not surprising that the expectcd gain is
always negative but the relatively small f luctua,
tion in the gain regardless of the size of the
jackpot is not intuit ive to most people. But we
see that because of bigger prizes the consequent
publicity and increased participatlon does not
allou the player's gain to increase si.gnifi.cantly,
if at all. This is contrary to the usual expectcd
value calculations done in Section II, and which
seem to govcrn betting patterns.

Suppose that some knorvledge of the distribu-
tion of t icket-sales is obtained, dctermined em,
piricalJy as a function of the size of the proffered

(4)

l 5

\Y

trA
O R

ND
VT

DE

18

14

42

40

3S

30

0.330 0.414

0.356 0.414

0.3?0 0.460

0.386 0.4i8
0.403 0.497

0.188 0.590

0.48? 0.551

0.519 0.585
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0.556 0.623

0.5?7 0.6,13
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0.803 0.u33
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jackpot. The distribution of participation could
then be controlled through the proper choice of
p. (Recently Oregon has changed p from 38 to
42). Thus, in a sense, the return to the state can
be optimized by balancing the expected gain be-
tlreen the two alternatives of offering prizes that
are large which return too much to the bettors,
or offering prizes too small to elicit the volume
of ticket sales necessary. Were the distribution
of sales, as a function of jackpot size, known a
priori this calculation of expected gain would be
possible as well as the variance of the gain.

To i l lustrate this point we exhibit in Figure
2 a plot of the relationship between the nominal
jackpot prize (usuallv paid in a 20-year annuity)
and the consequent participation for 62 con.

secutive weeks in the Washington State Lottery.
No te  t ha t  i I  l he  p re .en t  ' a l ue  o f  t hp  p r i ze  we re
plotted, instead of the nominal value, the or-
dinate of each point would be reduced by about
one-half,  depending upon interest rates at the
time the prize was awarded. This latter way is
how the state regards the relat ionship between
prize and part icipation.

The uti l i ty of the nominal prize may be dif-
ferent for each bettor, depending upon age or
taxable income, and could change depending
upon the size of the prize. In general the ut i l i ty
function seems to be convex for most people, who
prefer to wager one dol lar at astronomical odds
in the hope of winning a mil l ion dol lars rather
than wager one dol lar at the corresponding odds

= 3.578 v -0.292
@

9
A

/r\

P A R T I C I P A T I O N  ( u  )

Figure 2. The scattered circlesG)plot thejsckpot (in millions) yerlus r€latire participation for the firsr 6l weeks ofrhe Washington
Zotto. The solid curve is a plot of rhe funclion 2"/ = /m(l e-')-1, the relationship between lhe jackpot and the
relalire participaiion which would give zero for the expected nominal gain k = 0). Fc one week only, the expected
gain to the player Nas positire ithe sinele point abore ihe curve)i for this {eek it "made sense" to plsX the game.
The line plots the linear resression of P on l,.

=d+E-2

c o o
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in order to win a thousand dollars. This was clear-
Iy the case in the New York state lottery, when
a $41 mill ion prize caused a "feeding frenzy"
of participation by effecting sales of B0 mill ion
tickets in New York and surrounding states.

Discussion

As with many stochastic phenomena, rne
behavior of the various lottery games is often
counter-intuit ive. However, the observed "pat-

terns" to these games are in fact consistent with
the simplest null model of independent and
equally-l ikely outcomes. For example, our
analysis of the "pick-6" Iottery games reveals
tha t  the  week ly  pa l le rn  o f  w inn ing  ( i .e ,  no  w in-
ner, one winner, multiple winners), though
somewhat surprising, is easily explained. The ern-
pirical pattern of coincidences of lottery numbers
in successive weeks, proposed by some observers
as a useful "strategic" device in forming one's
lottery selections, is also in accord vith our
(purely randorn) model of the lottery. The oc-
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vancing the prospects of lottery players, However,
we state categorical ly that which we al l  know in
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